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ABSTRACT 
Present analytical theories involves determination of true 
stress and true strain values by the measurement of c/s 
area and the loads at that c/s areas. By knowing these 
values the stresses are determined and the true strains by 
knowing change in determination at each level or state. 
The concept of linearization and the directional derivative 
will be used for developing finite element software. The 
programming will be done in FORTRAN language. 
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1. INTRODUCTION 
The finite element method is a product of a 

digital computer age. The method can be symmetrically 
programmed to accommodate a complex and difficult 
problem of nonhomogeneous, nonlinear stress-strain 
behavior and complicated boundary conditions [1]. 

The finite element method is a procedure where 
by the continuum behavior described at infinity of points 
is approximated in terms of a finite number of points 
called nodes located at specific points in the continuum. 
The following steps summarize the finite element 
analysis procedure 1) Discretization of the continuum, 2) 
Selection of displacement models, 3) Derivation of 
element stiffness matrix using a vibrational principle , 4) 
Assembly of the algebraic equation for the overall 
discretized continuum ,5) Solution for unknown 
displacement ,6) Computation of the element strain and 
stresses from the nodal displacement [2]. 

1.1 Kinematics 
Nonlinear kinematics quantities are linearized 

in preparation for inclusion in the linearized equilibrium 
equation that from the basic of the Newton-Raphson 
solution to the finite element equilibrium equations [3]. 

Consider a small displacement u(x) from the 

current configuration  as shown 
in Fig.1 

 

Fig.1: Linearized Kinematics 

The deformation gradient F can be linearized in the 
direction of u at this position as 

 

 

 

 

    
 (1) 

Using equation (1) and the product rule, the lagrangian 
strain can be linearized at the current configuration in 
the direction u as [4], 

  
 (2)     

  

 

DE [u] can be interpreted as the pull back of the small 

strain tensor  as 
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In particular, if the linearization of E is performed at the 
initial material configuration that is when x=X and 
therefore F=I , then 

 

Similarly the right and left Cauchy-Green deformation 
tensors can be linearized to give 

   

  

 (3)   

1.2 Linearized Volume Change 
The volume change in terms of Jacobean J as 

Dv=Jdv 

J=det F     
 (4)                                                                                                                                   

The directional derivative of J with respect to an 
increment u in the spatial configuration is, 

 

Recalling the directional derivative of   the determinant 
and the linearization of F from (1) gives, 

 

            

            

Finally, the directional derivative of the volume element 
in the direction of u emerges from equation (3) as, 

    
 (5) 

1.3 Discretization of the Linearized 
Equilibrium Equation 

Equation R(x) = T(x) – F(x) = 0 represents a set 
of nonlinear equilibrium equation with the current nodal 
position as unknowns. The solution of these equations is 
achieved using a Newton-Raphson iterative procedure 
that involves the discretization of the linearized 
equilibrium equations. For notational convenience the 
virtual work equation is split into internal and external 
work component as, 

 

This can be linearized in the direction u to give 

 

Where the linearization of the internal visual work can be 
further subdivided into constitutive and initial stress 
component as, 

 

                  

 

Before continuing with the discretization of the linearized 
equilibrium equation, it is worth reiterating the general 
discussion of section to inquire in more detail why this is 
likely to yield a tangent stiffness matrix. Equation 

 
essentially express the contribution of the nodal 

equivalent forces  and  to the overall 
equilibrium of node a. Change in the nodal equivalent 

forces  and  at node a , due to a change ub in the 
current position of node b as 

 

 

The relation between changes in forces at node a due to 
changes in the current position of node b is furnished by 

the tangent stiffness matrix  , which is clearly seen 
to derive from the linearization of the virtual work 
equation. In physical terms the tangent stiffness provides 
the Newton-Raphson procedure with the operator that 
adjusts current nodal position so that the deformation 
dependent equivalent nodal forces tend towards being in 
equilibrium with the external equivalent nodal forces. 

1.4 Constitute Component Matrix Form 
The constitute contribution to the liberalized 

virtual work equation for element (e) can alternatively be 
expressed in matrix notation by defining the small strain 

vector  as, 

 

 

The constitute component of the linearzed virtual work 
can now be rewritten in matrix vector notation as [5], 

 

Where the spatial constitute matrix D is constructed from 
the component of the fourth order tensor c by equating 

the tensor product  to the matrix product of D to 
give after some algebra, 
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In a particular case of neo-Hooken material, D becomes 
[6] 

 

2. SAMPLE PROBLEM 
A two dimensional example has been chosen to study 
many diverse features of the finite element Large Hyper 
elasticity problem. Same example is studied under 
various items explained in notes and indicated in input 
files [7]. 

The following four cases are considered. 

Case 1: 2-d example with 4-noded bilinear quadrilateral 
elements with point and pressure loads 

Case 2: 2-d example with 3-noded linear triangle 
elements with point and pressure loads 

Case 3: 2-d example with 3-noded linear triangle 
elements without point and pressure loads 

Case 4: 2-d example with 3-noded linear triangle 
elements without pressure loads with point loads only. 
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3. CONCLUSION 
A Fortran program is thus developed for 

analysis of large strain nonlinear problems. All the 

mathematical preliminaries required for the 

development of software are explained fully. This 

mathematics is included in the present work to larger on 

it is slightly difficult to grasp and complex also. This work 

is extension of the regular finite element programs with 

its own intricacies. The program can handle various 

element type such as 3-noded triangle, 6-noded triangle, 

4-noded trilinear hexahedron elements. It is truly 

observed that this study gives a clear insight it to 

nonlinear analysis and building finite element computer 

software for the same. Lastly it can be said that this is an 

attempt to study the nonlinear continuum mechanics and 

the related finite element formulation and this will 

enhance our understanding of the commercial finite 

element software’s for solution of such nonlinear 

problems. This work also has educational implications for 

the study of nonlinear analysis who which to start the 

study of such computer software. This may become 

guideline for them. 
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