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ABSTRACT
A. Bejancu (1986) introduced the QR-Submanifold

of a Quaternion Kaehler manifold which is based

on the action of local basis {¢1, ¢, P3} on each

tangent space of the manifolds where ¢, ¢,, 3

are almost Hermitian structures.

In this paper we have taken these structure
as a Kenmotsu 3-Structure and studied _the

properties of QR-Submanifold which includesythe

integrability of the distribution D and D%,

Kewords : Kenmotsu 3-Structure, QR-

Submanifold

1. INTRODUCTION

A(4m + 3) dimensional differentiable M is said to
have an almost contact 3-Structure if there exists

three almost contact structures (¢, $4,M4), @ =

1, 2, 3) satisfying the following relation:
Na (fb) =M (Ea) (1.1)

¢a2 = -1+ 1n,®¢, (1.2)

d)afb = _d)bfa = EC (1.3)
Na 0 d)b = Od)a =1 (1.4)

¢a0¢b_ Eb®na = _¢b0¢a +

Ea ®le = d)c
(1.5)

for each cyclic permutation (a, b, c) of (1, 2, 3). Let

g be a Riemannian metric on M satisfying.

n.(X) = g(X, &) (1.6)
g(d)axid)ay) = g(X, Y) - na(X)na(Y)
(1.7)

for any X,Y tangent to M anda= 1,2 3. M is

called manifold with a Kenmotsu 3-Structure if
each (¢, $as My 9)(@a = 1,2,3)ie.

(ﬁ)-(’(pa)y = g((an' Y)Ea — MNa (Y)¢aX

(1.8)
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Viéo=X — n,(X)é = — X

(1.9)

Where V is Levi Cirita connection with respect to

metricgon M .

2. DEFINITION

A Submanifold M of a manifold M with an
almost contact three structure is said to be a

quaternion real Sub manifold (QR-Submanifold) if
there exists a vector Sub-bundle v of the normal

bundle such that we have. (Bejancu 1986)

and ¢, (v,t) © T,M foreach X €M, a =
1, 2, 3 where v is the complementary orthogemal

Sub-bundle to v in TM*

Then we denote D,, = ¢,v, such that
Dyx,Dyx and D3x are mutually orthogonal sub-

spaces of T, M.

We take D,* = D, ®D,,®D;, such that
Dt: x — Dxlis a 3s-dimensional distribution

defined on M, where s = dim D, *, we also have

d)aDaX = Dled)a(Dbx) = Dy for each
X€eEM, a=123

Where a, b and c is a center permutation of (1, 2,

3). We denote by D the complementary orthogonal
distribution to D+ in TM such that ¢,(D,) =

D, for x € M,a=1,2,3. The Gauss and

Weingarten formula are respectively given by,

V,Y = —VyY +h(X,Y) (1.10)

V.V =—-A/X+ V'V (1.12)

Where V € [(TM) and X,Y € [(TM), V is
the connection on M with respect to the induced

metric on M, V* is the connection in the normal

bundle TM' h and A are second fundamental

forms related by

gth(X3,V) = g(AyX,Y) (1.12)

we putep,V = B,V + C,V (1.13)

3. INTEGRABILITY OF
DISTRIBUTION AND SOME BASIC

RESULTS

Let M be a QR-Submanifold of a manifold with a
Kenmotsu 3-Structure. We denote by P the

projection of TM to D and take a local vector field

of orthogonal frames {V, ... ... , V.} on the
vector sub-bundle vt and TM*. Then on the

distribution D' we have local vector field

orthonormal frames. ( Bejancu, A. 1986)

{Ell' ""Elsr E21, ...,Ezs,
£31, ..........., L35 (2.1)
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Where  Ey, = ¢ Vi,a=1,2,3andi = = Vy¢,PY + h(X, p,PY)

+ z{ Wiy (V) (VxE,;
im1

For any vector field Y tangent to M, we have

3 - h'(XI Eci)
Y =PY + Y3 5 Wy (VEy (22
21—1 Zl—l b ( ) b ( ) _ Wa'(Y)(Vbei
Where Wy, (Y) = g (Y, Ep;) (2.3) + h(X, Ep;)

-9 (Vx Y, E,)V;
Operating (2.2) by ¢, and using (1.2) and (1.5), g ( X al) i

we get - g(Y, V~XEai)Vi
oY = Qo PY + Xi{ Wy (VIE,; — “ L
— ¢ P VxY}
Wi (V)Ep — W (V)V} (2.4) s
where a, b, ¢ is cyclic permutation of (1,2,3) - z{ Wy (Vx Y)E,
i=1
Now using (1.10), (1.11) and (2.4) in (1.8), we + W, (VxY)E,;
e — Wy (Vx V)Ey
(Veda)Y = 9(0aX,V)éa — na(V)PaX — Wy (VyY)V}

— B,h(X,Y) — C,h (X,Y)

= g(d)axr Y)fa — MNa (Y){d)aPX
and separating the normal parts, we get

+ Wy (X)E,;
lzzl{ ’ ( ) f=1 Na (Y)Wai (X)VL = h(X' d)aPY) -
— W, (X)Ep — WXV} Coh(X,Y) + Xica{ Wy (Y)R(X ,E;) —
W (VR(X ,Ep) — Wy (Y)VTV; —
On the other hand, ai (VIh(X, Ep;) ¥y
X(We; V) + Wy (Vy YV} (2.5)

(§X¢a)y = vJ)((‘l’ay) — ¢q (vx Y)
for X,Y € [(TM)

S
= vx (¢apy + Z{ Wy, (NE,; using (2.3) in (2.5), we get
i=1

h(X,¢,Y) — C,h(X,Y) +
Wy (VxV) =0forX,Y € [(D)

- W, (Y)Ey,

- Wai(Y)Vi} >_ (pavXY
(2.6)

— ¢ h(X,Y)
Lemma2.1l If M is a QR-Submanifold of a

manifold with a Kenmotsu 3-Structure, than
¢, € [(D),a =1,2,3
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Proof :Let Z € D", then (1.2) and (2.4) give

g(‘fc»Z) = 9(Paép ,Z)
= g(fb 'd)az)

= _g(‘fb' b PZ
+ ) Wu@E.
i=1

— W (Z2)Ep — Wy (V)V}

= = ) Wu@DgEaV) =0
i=1

implyingthat §,(a = 1,2,3) areinD

Lemma 2.2 Let M be a QR-Submanifold of a

manifold M with a Kenmotsu 3-Structure, then

we have

(VxB)V =
—¢q PAyX — Yiof Wy (AvX)E;; +
Woi (AyX)Ep; } + g(¢a X,Y) &4 #
Na(Y)@p X + Ac,v X

2.7

(VxCV = Xif Wy (AyX)V; —
h(X,B,V) 2.8)

forany X € [(TM) andV € [(TM%)

h(X' fa) =
— Yo Wo (X)V; forany X € [TM
2.9)

h(X,é,) =0forany X € [(D) (2.30)

where we defined (VyB,)V and (Vx> C,V)

respectively.

(VyB,)V = VyB,V — B,Vy V
and (V,C,) V = Vx'C,V — C,Vx" V

Proof: Differentiating (1.13) covariantly along X
and using (1.13) and (2.4) and separating the
tangent and normal parts we get (2.7) and (2.8)

respectively

Putting Y = &, in (1.10) and using (1.9) and
(2.4), we get (2.9). Now taking X € [(D) and
using (2.3) we get (2.10)

Theorem 2.1 Let M be a QR-Submanifold of a

manifold M with a Kenmotsu 3-Structure, then

h(X,¢.Y) =
h(Y,¢p,X)for any X,Y € [(D) ,a = 1,2,3

(2.11)
h(D,D) = {0} (2.12)
the distribution is involutire (2.13)
Proof: (2.11) = (2.12)

h(¢3X,Y) = h(X, ¢3Y)
=h(X, (P1® ¢, — & Q)Y
= h(X, (¢1 0 p2)Y) — (X, n2(V)&1)

= h(¢3X,Y) + n1(X)h(&,Y)
— n(Y) h(X, &)

which with the help of (2.10) give (2.12)

Now (2.12) implies that h(X,Y) =0V X,Y €
[(D) and hence (2.3) and (2.6) gives
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g(VXY'Eai) = OVX)Y € [(D);a
=1,2,3and i

=1, .......,S

Showing that D is involutive

Finally, assuming that D is involutive, we have

9(X, Y] Ey) = Wy (IX, Y]
0 forallX,Y
€ [(D)and a
=123 andi

Then (2.6) gives (2.11).

Lemma2.3 Let M be a QR-Submanifold of

manifold M with a Kenmotsu 3-Structure. Then

we have

AviEa], = A,,],Eal, fora=

1,23 andi,j=1,.......,8
(2.14)

Proof PuttingY = V; in(1.8), we get
Vx(@aV) = ViV + g(Vxda Vi
= - ¢aAviX - ¢aVXlVi + g(Pa X , V)&,

— Na (Vi)d)aX

or

v;Eai = - ¢aAvl-X - ¢aVXLVi

+ g(pa X, VDS,
— Na (I/i)¢aX

which on using (1.10) and (1.11) gives

h(X ,Ey) = — ¢ApiX + ViV, —
VXEai (2.15)

and hence forany X € [(TM), we have

9 (Av,Eai . X) = g (Av,Eej , X)
from which we get (2.14)

Lemma (2.4) Let M be a QR-Submanifold of a

manifold M with a Kenmotsu 3-Structure, then

we have

g (anj E,, ,X) for X € [(D)
(2.16)
9 (Ve . &) =

Proof with the help of (1.8), (1.10), (1.11) and

Lemma (2.11), we have

g(ani Ey 'X) = g(VEai bV, X)
= 9 (V5 $)Vi,X) + 9($a(Vi, V1), X)

= 9(PaEqi ,Vi)éa — Na (Vi) g Egi, X)
+ g(¢a (_AviEai
+ VXLVL') ,X)

= —9(V5, Y , $aX)
which with the help of (2.14) gives (2.16)

Putting X = &, in (2.16) and using (2.9), we get
(2.17). If we define the differential 1-forms
By, (X) on D by (Bejancu, A. 1986)
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B, (X) =g (ani E,, ,X) (2.18)

for all X € [(D),a=1,2,3andi,j=

1., S

Then (2.16) gives Bal.j (X) = B; (X) = 0(2.19)

Theorem 2.2 Let M be a QR-submanifold of a
manifold M with a Kenmotsu 3-Structure. Then

the distribution D+ is integrable if and only if
Bai,- X)=0 (2.20)
Proof we have

Ep = ¢pVi
Operating ¢, and using (1.5), we get

d)a Ebi = Eci

Similarly, we can show that

Eai = ¢bEci = _¢chi (2(21)

By means of (1.8) , (2.16) and (2.21), we Obtain

g(Eai Ebj , ¢CX)
=9 (V;;i Ebj

- Ve, Ej;,dcX
Eb]. ai ¢C )
= g(v:?;i (d)cEaj) + VE;}. (d)chi)' ¢CX)

=4 ((VEi ¢C)Eaj + ¢C(VEi Ea]' )' ¢CX)
+9((75, 9) Bu

+ ¢ (Vi B ) 9cX)

= Bal-j(X)+ Bji(X)forX'Y € [(D)

(2.22)

Now (2.16), gives
9([Es Eoj] ., X) =0 (2.23)

Hence (2.22) and (2.23) imply that D% is
integrable, if and only if Baij X)=0

Theorem (2.3) Let M be a OR-

Submanifold of a manifold M with a Kenmotsu
3-Structure. If D is integrable, then the leaf of D
are totally geoderic in M if and only if A(D, D) =

{0}

ProofFor,Y € [(D), we have
9(VxY, Ei) = g(¥, Vxhpa Vi)
= g(Y, $a(TxVi) + (Vxba Vi

= g(Y'_d)aAViX + V'V,
+ g(Pa X, Y)E,
+ 1. (V)pX)

= g(h(X, . Y), Vi) (2.24)

Puttingy = &}, in (2.24), we get

9(Ve,Y, Ey) = g(h(&, ,Y), V) =0

Thus we see that the leaf of D are totally geodric in
M if and only if

h(X, ¢ay) =
0forX,Ye[(D)i.e.h(D,D) =0
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Theorem 2.4 Let M be a OR-
Submanifold of a manifold M with a Kenmotsu 3-
Structure. Then the leaf of D+ are totally geoderic

in M if and only if h(D, D*) = {0}
Proof Forany X € [(D), we have
9V, Eoj  X) = 9(EaihaV; . X)
= 9(¢a (V%) X)
+9((Ve,0a)V  X)

= g(_d)aAViEai + d)aanile 'X)
+ g(farX) g(d)aEai' V])
- g(d)aEai 'X)na(Vj )
= g(h(Eai  bq X)), V) =0 (2.25)
putting X = &, in (2.25), we get

9(Ve, Eaj 18p) = 9(h(Eqi ,§),V;) = 0

(2.26)

Hence (2.25) and (2.26) imply that the leaf of D+

are totally geoderic in M if and only if
h(E, ,¢,X) = 0. e.h(D,Dt) = {0}

Proposition: Let M be a OR-

Submanifolds of a manifold M with a Kenmotsu

3-structure. Then the curvature tensor

R of M satisfy the following relations:

g(T\{(X)Eai)X;Eaj) +
J(R (X, Ex)paX V) = 0 (2.27)

for any Xel[(D),a=123andi =
1,..... ,S
Proof It is sufficient to prove that (2.23)

for a = 1. Using (1.8) and (1.10), we get

(vaE1i¢1X' ‘/l)
= _g(vaElid)l X, ¢1Eu)

= —g(vX(VEli¢1)X
+ ¢1(Ve,, X), ¢1E1)
=-g ((VX¢1)(VEU X), ¢1E1i)
- g(‘f’ﬁva‘“ X, ¢1Eq;)
= —g(ﬁbﬁvah—X, Eli)
fromwhich we get

o(VE01 X, V) = —g(ViVg, X Ey;)

(2.28)

Similarly, we have
g(vElide)l X,Vi) = _g(vElivXX'Eli)
(2.29)

g (v[X,Eli]d)lX'Vi) = —g(Vy, VX ,Ey;)

(2.30)

Thus (2.27) is obtained by using (2.28) , (2.29) and

(2.30) in the formula for Curative

Note Bejancu, A (1986) proved this proposition
for a QR-Submanifold of a quaternion Kaehlerian

manifold by taking the submanifold to be totally
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umbilical but in our case this condition is not [4]. Anti, J.S,(1981). quaternion submanifold of
necessary. quternion projective space, Kyungpook Math.
J., 18, 91-115.
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