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ABSTRACT

The paper explains the Pigeonhole Principle with
two example problems. Then, the paper shows a
thorough proof of Problem 4 of the SUMaC 2019
admission exam. The Part (a) of the problem was
proved by applying the Pigeonhole Principle and
quadratic inequality. The Part (b) was proved by
contradiction by demonstrating a scenario in which
the conditions provided in the problem are met. The
Part (c) was proved using the Pigeonhole Principle
as well as geometrical concepts and formulas.
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1. INTRODUCTION ANALYSIS

OF PIGEONHOLE PRINCIPLE WITH
EXAMPLES

1.1  Socks Example
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The Pigeonhole Principle states that if n+1 number
of pigeons are put into n number of houses, that at
least 1 container would have more than one item in
it. To further explain such a concept, suppose there
are 30 black socks, 20 white socks, 20 yellow socks,
and 30 green socks in a drawer and are not organized
by color. What is the least number of socks that need
to be drawn out of the drawer to guarantee that at
least 5 right color-pairs will be drawn?

According to the Pigeonhole Principle, if 5 random
socks are drawn, there must be at least one color-
paired socks. It is because there are only 4 colors that
the 5 drawn socks can be in. The 5th sock must be of
one of the 4 colors which would form a color-pair
with a sock of the same color from the previous 4
socks. In this case, the ‘colors’ are the pigeonhole
when the ‘socks’ are the pigeons.
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Therefore, it can be inferred that there will be at least
one color-paired socks for the next 5 socks that are
drawn.
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Having 10 socks drawn out of the drawer, there are
now at least two color-pairs. Additionally, through
logical deduction, it can be inferred that there is at
least one color-pair among the remaining 6 socks:
the ‘colors’ are the pigeonhole when the 6 remaining
‘socks’ are the pigeons.
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Now, there are 3 color-pairs among the 10 socks that
are drawn out of the drawer. With the remaining 4
socks, the Pigeonhole Principle cannot be applied to
prove that there must be at least one color-pair of
socks: it is possible for each sock to have different
colors. Therefore, another sock has to be drawn out
of the drawer to meet the minimum socks number of
5 for the pigeonhole principle to be implemented.

Having proven that there are at least 4 color-pairs
from the 11 drawn socks, there are 3 remaining
socks. Similarly to the previous situation, two more
socks need to be drawn to meet the minimum socks
number requirement of 5 for the Pigeonhole
Principle to be implemented.
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As illustrated, the existence of the last color pair can
be proven with the addition of 2 socks. Therefore,
when at least 13 socks are drawn, it is guaranteed to
have at least 5 color pairs among them.

1.2 Subset Example

Implementing similar concepts into a more complex
situation, suppose a set has numbers ranging from 1
to 2020. What is the biggest size of a subset of which
any awo fandomly chosen elements do not add up to
multiple,of-52?

The numbers ranging from 1 to 2020 (total of 2020
pigeons) can be divided into 5 groups (total of 5
pigeonholes) upon their remainder when divided by
5: numbers with the remainder of 0, 1, 2, 3, and 4.

Each group would contain % = 404 elements.

To prevent the sum of two randomly selected
elements from the subset from being a multiple of 5,
the subset must not contain a pair of numbers of
which the remainders add to a multiple of 5. For
example, the numbers 11 and 14 must not be in the
subset as their remainders of 1 and 4 add to 5 which
means that the sum is a multiple of 5. Also, there
should only be one number with the remainder of 0
because the sum of two of them would become a
multiple of 5. Therefore, it can be concluded that the
biggest subset of which any two randomly chosen
elements do not add up to multiple of 5 would be
either a group with a remainder of 1, 2, and one
number with a remainder of 0 or a group with
remainder of 3, 4 and one number with a remainder
of 0. As the size of the subset for either case is equal
to 809 (404 + 404 + 1), the answer would be 809.
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An equilateral has sides of length | cm. ig(l)
{(a) Show that for any configuration of five points on this trangle (on the sides or in the interior), there is at
least one pair of from these five points such that the distance between the two points in the pair is less
than or equal to .5 cm.
() Show that.5 (in part (a)) cannot be replaced by a smaller number even if there are 6 points.
(c) If there are eight points, can .5 be replaced by a smaller number? Prove your answer,

diameter of 0.5cm and a line that connects two

2. PROBLEM STATEMENTS points (that are not on the center of the circle) of an
equilateral triangle with a side length of 0.5cm. As
3. PROBLEM PART (A) the very definition of a circle is a collection of points

31 The Initial Approach to Solving that are a certain distance away, it seemed possible
Problem Part (a) to be able to prove that the distance between two

points in the circle is less than 0.5cm, the diameter,
when there are two intersections between the circle

and the line.
3.2 Logical Errors with the Initial
Approach
. ¥
As it is given in the question that the equilateral S _/;f' -
triangle has a side length of 1cm, the triangle can be ______R““?--’»
divided into four equilateral triangles with a side \ T —

length of 0.5cm as illustrated above. Therefore, (b A
through implementing the pigeonhole principle, it
can be proven that at least two of the five points will & ™ ;

be within the perimeter of a smaller equilater ,
triangle. So, if there is a way of proving tha o )
% The setup was only sufficient for proving that the
i

distance between the two points within a‘tria

less than or equal to 0.5cm under any‘o;ien ion,"it

distance between two points within the triangle is
less than or equal to 0.5cm only if the two points
were on a line that passes through both of the points
and the center of the circle.

can also be proven that there is at leas ir of
points such that the distance between the two is less
than or equal to 0.5cm.

AN
4 .:r \\\_
FitY .
|'Il_.'J
"-\1 In other words, the setup could not prove if the two
; A / points were not located on the same line that crossed
¥ o both the center of the circle and the extended line of

the triangular side opposing the center point.

The first approach to proving the question involved
utilizing intersections between a circle with a
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3.3 The Final Approach to Solving
Problem Part (a)
To summarize the previous conclusions, an

equilateral triangle with a side length of 1cm can be
divided into four congruent equilateral triangles with
a side length of 0.5cm.

Implementing the Pigeonhole Principle, it can be
inferred that, among the five points, that at least two
of the five points will be within the perimeter of the
triangle. So, if it can be proven that the distance
between the two points within a triangle does not

With the cosine rule formula, it can be identified that
cos(A) needs to be at its minimum value. Given the
angle of the angular value of the angle A is between
0 - 60 as the two dots need to be within the
parameter of the equilateral triangle, angle A needs
to be 60 degrees for the cos (A) to be at its
minimum.

If the length b is given an arbitrary number between

0 and 0.5, the value of c that yields the maximum
value of a can be found as follows:

L
(0.5, 0.23)

exceed 0.5cm, it will prove the fact that at least one
pair of points would exist of which the distance
between the two is less than or equal to 0.5cm,_The
law of cosines can be used to prove that the distance
between the two points within a tridngle dees ot
exceed 0.5 cm.

,r!l" == -f;‘i -+ ['I';l — 21{)( f'ﬂ.’-l{.‘l}

In the figure above, if the distance between the two
red points (a) is proven to have its maximum as
0.5cm, it can be proven that the distance between the
two red points is always 0.5cm or less.

[ =5 1 18

7 a?=b%+ % 2be (g), 0<b,c<05

2. a’=b?+c%bc,0<b,c<05

3. Therefore, the maximum value of the
expression ‘b + ¢*- be’ needs to be found in
order to identify the conditions that need to
be satisfied for a to have the maximum
value.

4, As ‘b’ is an arbitrary positive real number
the expression above can be expressed as a
quadratic function f(c)= c* bc + b,

4.1.  Within the given range between
Ocm and 0.5cm, both the value of b
and ¢ needs to be 0.5cm for the
function to have its maximum
output value of 0.25.
With the found conditions that need to be satisfied to
maximize the value of ‘a’ (¢ = b = 0.5, A = 60
degrees) the value of ‘a’ can be calculated through
the cosine rule: 0.5cm. Therefore, the maximum
length of any given two points within the equilateral
triangle with side length 0.5cm is 0.5cm, regardless
of their orientation.

With such a conclusion in mind, it can be concluded
that there will be at least one pair of points among 5
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points that are within an equilateral triangle with a
side length of 1 that has a distance of 0.5 or less
between them.

4.  PROBLEM PART (B)

] ] -

Even when the number of points increases to 6, there
is an orientation of the 6 points that allows the
distance between all of them to be 0.5cm: when all 6
points are located on each vertex of the 4 equilateral
triangles, as illustrated above. Therefore, the 0.5cm
in the Problem Part (a) cannot be replaced with a
smaller number even when the number of points
increases to 6.

5. PROBLEM PART (C)

As the number of points increased to 8 from 5, it
seems more probable that the distance between at
least one pair of points would be less than 0.5cm.
Also, as the number of points increased, the
maximum number of ‘pigeonholes’ there can be has
also increased as well. Because the priority of thé
question is to prove if at least one pair of points.exist
such that the distance between the two pOints'in the
pair is equal to or less than 0.5cm, it is pnly“ogical
to divide the equilateral triangle with as man¥y’ parts
as possible to minimize the maximum “distance
between the points located within the perimeter of
each part. Therefore the given equilateral triangle
with side length of 1cm has been divided into 7 parts
as illustrated below.

As per the Pigeonhole Principle, at least one part of
the 7 parts will contain at least two points within its
perimeter given 8 points.

As proven in Problem Part (a) section, with the given
side length of Xcm, the maximum distance between
a pair of points located within the perimeter of the
equilateral triangle is Xcm. The statement can be
applied to the three congruent-equilateral triangles in
the illustration.
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The line segments LH, EH, and LE are shared with
each side of the equilateral triangle EHL with a side
length of Xcm. Therefore, the length of the line
segments LH, EH, and LE is Xcm.

Points ArK, J and | all lie on the line segment Al.
Therefare the/length of the line segment KJ can be
derived by subtracting the length of line segments
AK and JI from that of the line segment Al. Thus,
the length of the line segment KJ is 1-2Xcm. The
statement can be applied to two other line segments
GF and BC due to geometrical congruency of the
equilateral triangle ADI and all of the divided parts.

Points K, L, and B all lie on the line segment KB.
Additionally, the length of the line segments KL and
LB are equal as they are corresponding sides of the
congruent trapezoids KJLH and CBLE. Thus, the
length of the line segment KL can be derived by
dividing the length of the line segment KB which
also is the side length of the equilateral triangle ABK
by the value of 2. Thus, the length of the line

segment KL is %/cm. The length of the line segment

JH also is %{cm as the trapezoid KHLH is a regular
trapezoid. Lastly, it can be concluded that the length
of the line segments HG, FE, CE, and BL are all %cm

as they are the corresponding sides of the congruent
trapezoids KJHL, HGFE, and ECBL.

Angles KLH, KLE, and ELB are supplementary
angles. However, because the angle HLE is 60
degrees wide as it is a vertex of an equilateral
triangle and the angles KLH and ELB are congruent,
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angle KLH is (1802_60)

because the trapezoid KJHL is a regular trapezoid,
the angle JHL also is 60 degrees due to the
geometric definition of a regular trapezium. The
conclusion can be applied to the angles HGE, FEH,
LEC, and ELB as they are corresponding angles of
the congruent trapezoid KJHL, GFEH, and CBLE.

= 60 degrees. Additionally,

Additionally, due to the geometric definition of a
regular trapezium, lines KJ and LH are parallel.
Therefore, with Consecutive Interior Angles
theorem, it can be proven that angles JKL and KJH
as well other corresponding angles in the two other
two congruent trapeziums are 120 degrees wide.
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Given the point M is the midpoint of the line
segment LH, the line LM has a length ofgcm which

is congruent to that of line KL. Also, because the
angle KLM is 60 degrees, the triangle KLM.is an

equilateral triangle. Additionally, line’ KM "ig %cm

long when line MH also is %'cm long as¥point M

bisects the line LH. Therefore, the two congruent
line segments form an isosceles triangle KMH.
Because the angle KML and angle KMH are
supplementary, the value of the angle KMH can be
calculated by subtracting the angle KML from 180
degrees, vyielding the value of 120 degrees.
Additionally, due to the geometric definition of an
isosceles triangle, angles MKH and KHM can be
calculated by subtracting 120 degrees from 180
degrees and dividing the value by 2 which equals to
30 degrees. Lastly, as proven earlier, the triangle
KLM is an equilateral triangle which means that the
angle LKM is 60 degrees. Thus, as angles LKM and
MKH form the angle LKH, the value of the angle
LKH is the sum of the two angles LKM and MKH.
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Because the triangle KLH is a right triangle, when
inscribed in a circle, the side LH will be the circle’s
diameter and the point K will be on the circle. Also,
due to the left-right symmetry of the regular
trapezoid, it can be inferred that triangle JLH would
also be a congruent right triangle, meaning that the
point J will be on the same circle as the two points
share the same diameter of line LH.
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As both points K and J are on the circumference of a
circle with the line segment LH as its diameter, the
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entire regular trapezoid KJLH can be inscribed in a
circle with a diameter of Xcm. Thus, the furthest
possible distance between a pair of points that are
within the perimeter of the regular trapezoid KJHL is
Xcm as the maximum distance between two points
within the perimeter of the circle is Xcm, the
diameter. Through logical deduction, the conclusion
can be applied to two congruent-regular trapeziums
HGFE and ECBL . Lastly, the furthest distance
between two points within the perimeter of the 4
congruent-equilateral triangles AKB, 1JG, LHE, and
FCD, which all has a side length of Xcm, is Xcm as
proven in the Problem Part (a) section.

Therefore, if Xcm is replaced with a length of 0.4cm,
it can be said that the distance between at least one
pair of points among the 8 points will be less than
0.5cm. When the X is replaced with 0.4cm, the
shorter base of the trapezium will have a length of
0.2cm and other equilateral triangles will have a side
length of 0.4cm, causing no logical errors. Thus, it
can be said that with the increased number of points
from 5 to 8, the distance between at least one pair of
points can be less than 0.5cm.

6. CONCLUSION

Throughout the paper, the Pigeonhole Principle was
applied to solve the three-part problem. The first part
of the problem was solved by dividing the equilateral
triangle with side length of 1cm into 4 congruént
equilateral triangles and proving that thé distanee
between the two points within each smallerstriangle
cannot exceed 0.5cm. The second pagt ef the
problem was solved by providing a counterexample
in which the distances between all 6 points in the
equilateral triangle with side length of 1cm does not
exceed 0.5cm. The last part of the problem was
solved by dividing the equilateral triangle with side
length of 1cm into 7 pieces and applying the
pigeonhole to prove that the distance between at
least one part of the 8 points can be less than 0.5cm.

Solving the three-part problem with geometrical
approaches and the application of the Pigeonhole
Principle was a refreshing experience. Through
having to ideate, evaluate, and choose the correct
approach to prove the problems, | once again
realized the countless possibilities of the variations
in which mathematical proofs can take forms of.
While having to come up with an appropriate
method of dividing the equilateral triangle with side
length of 1cm into pieces to find a solution to the last
part of the problem was challenging, | chose to

divide the triangle into 7 different parts as the
pigeonhole principle needed to be applied while
accounting for 8 different points. However, this did
not completely solve the problem as the orientation
in which the 7 different parts are divided also needed
to be decided. After evaluating 4 different options in
terms of their clarity and mathematical process that
follows, a final orientation was chosen. Additionally,
as | have done while solving the first part of the
problem, | had to revise my ideas and find logical
errors within them, which helped develop my critical
evaluation skills. Such a thorough mathematical
thinking process allowed me to learn and apply
numerous subjects of mathematics including algebra
and geometry to build up to a final goal of solving
and proving the answer to the problem. Overall, |
was able to practice concise and clear mathematical
communications using images and writings while
writing this paper.
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