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Abstract: — Fuzzy Mathematics has seen an enormous growth since the introduction of notion of fuzzy sets by
Zadeh in 1965. The purpose of this paper is to prove some new common fixed point theorems in fuzzy metric
spacesin the present paper, we show that there exists a unique common fixed point for four self-maps in a fuzzy
metric space where two of the maps are reciprocally continuous with the concept of semi-compatible mappings
using an implicit relation.
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I.  Intreduction

The study of common fixed points of weak and semij@ompatible mappings in a fuzzy metric space satisfying
some implicit relation has been at the center of flourish research activity. In 1965 Zadeh [18] proposed a
mathematical way by defining fuzzy set. In the fext decade Kramosil and Michalek [9] presented the notion of
fuzzy metric spaces in 1975, which unlogked(an ‘avenue for further expansion of analysis and topology in such
spaces. The outstanding feature of fuzzy set iS*that it allows partial membership for elements in its domain,
while in ordinary set theory particular elementyhas either full membership or no membership, no intermediate
situation is considered. Researchers are using fuzzy based ideas to increase the efficiency and to overcome the
drawbacks of ordinary sets. To use the fuzzy concept in analysis and topology, several researchers have defined
fuzzy metric space in various ways [4,5,78, 10].Recently lots of work has been done on applying fuzziness
Tripathy and Borgogain [14] Tripathy and Dutta ( [15], [16]), Tripathy and Debnath [17] and others. In the
section 3 we improve the result given by Singh and Jain [12] by taking six mappings as opposed to four. For the
sake of completeness, we begin with some definitions and preliminary concepts.

Il.  Definitions and Preliminaries
Definition 2.1 Let(X, d) be any merit linear space. A fuzzy set in X is a function with domain X and values in
[0, 1].

Definition 2.2 If A is a fuzzy set and x € X, the function values A(x) (or ua(X)) is called the grade of
membership of x in A. The collection of all fuzzy sets in X is denoted by F(x).

Definition 2.3 Let X is an arbitrary set and Y be any metric linear space. Then F is called a fuzzy mapping if
and only it F is a mapping from the set X into .

Definition 2.4 A Point p € X is called a fixed point of a fuzzy mapping F if Fy(p) > Fp(x), V¥ X € X.

Lemma2.1[2] Fyp) >F)(x) « peF(p),vxeX.
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Definition 2.5 [11] A binary operation *: [0,1] %[0,1]-[0,1] is continuous t-norm if ([0,1],*) is a topological
monoid with unit 1 such that a*b < ¢*d, whenever a<candb <d, foralla, b, c,d €[0,1].

Definition 2.6 [6] The 3 tuple (X,M,*) is said to be a fuzzy metric space if X is an arbitrary set, * a continuous
t-normand M, a fuzzy set on x*x (0,:0) satisfying the following conditions:

(F-1) M (x,y,t) >0;

(F-2) M (x,y,t) = Ljifand only if x = y;

(F'3) M (le!t) :M(y,X,t);

(F-4) M (XY, )*M (v,z,8) <M (x,z,t+s);

(F-5) M (x,y,.) : (0,00) =[0,1] is continuous for all x,y,z € X and s> 0.

Definition 2.7 A sequence {x,} in fuzzy metric space (X, M, *) converges to x if and only if M (X, x, t)— 1, as
n —oo, forall t > 0.

Definition 2.8 A sequence {x,} in fuzzy metric space (X, M, *) is said to be Cauchy sequence if and only if
M(Xq' Xnsp' t) —1, as n— oo, for all t > 0 and p >0.

Definition 2.9 [18] Fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence in (X, M, *)
is convergent sequence.

Lemma 2.2 [3] Let a sequence {y,} in fuzzy metric space (X, M, *) with the condition lim,_,, M(x,y,t) = 1V
x,y € X. If there exist a number ke(0,1) such that M(yn+2, Yn+1,K)=M(¥p41, Ynl), V't > 0. Then {y,} is a Cauchy
sequence in X.

Definition 2.10 [13] A and S be mappings from a fuzzy(metriesspace (X, M,*) into itself. Then the mappings
(A,S) are said to be weak compatible if Ax =Sx implig§'that, ASx = SAx

Definition 2.11 [7] Let A and S be mappings fromia fizzy metric space (X, M,*) into itself. Then the mappings
are said to be compatible if
lim
n -
Whenever {X,} is a sequence in X such that
lim AX = lim SX, =X € X
n — oo n—> o

M(ASx, SAx,1) =1, vt>0

Proposition 2.1 [12] Self mappings A and S of a fuzzy metric space (X, M, *) are compatible, then they are
weak compatible.

Definition 2.12 Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings are
said to be semi-compatible if
lim v ASxy Sx, =1, vt 0
n — oo
Whenever {x,} is a sequence in X such that
lim AX, = lim SX, =X € X.
n —> oo n — oo

It follows that if (A,S) is semi- compatible and Ay = Sy, then ASy = SAy. Thus if the pair (A,S) is semi-
compatible, then it is weak compatible.

Proposition 2.2 [12] Let A and S be self-maps on a fuzzy metric space (X,M,*). If S is continuous then (A,S) is
semicompatible if and only if (A,SO is compatible.

Definition 2.13 (Implicit Relation) Let R* be the set of all real continuous functions ¢:(R")*-R, collection of
all functions and satisfying the following conditions:
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a. ¢ islower semi continuous in each co-ordinator variable.
b. Foru=¢ (u,v,v) or u=¢ (v,u,v,) then Implies that u> kv ; for u,v € R" where ¢(1,1,1)=k>1
c.  ¢(u,u,u) >u, for ue R*-{0}

1. Main Result
In this section we establish the main result of this paper.

Theorem 3.1 Let A,B S and T be self- mapping of complete fuzzy metric space (X,M,*) satisfying the

A(X)c T(X), B(X))< S(X) (3.1
The pair (A.S) is semicompatible and (B,T)is weak compatible (3.2)
One of A or S is continuous; (3.3)
For some, ®in ¢, there exists ke (0,1) such that for all x,ye X andt> 0,

M(AX, By, kt) =® (M(Sx, Ty, k t), M (Bx,Ty,t), M(AX,Sx,t)) (3.4)

Then A, B, Sand T have unique common fixed point in X.

Proof: Let xo€ X be any arbitrary point as A(X) € T(X) and B(X) € S(X), there exists X;, Xo€ X such that
AXo=TX;, bx;=Sx,.Inductively, construct sequences {y,} and {X,} in X such that Yn:1 =AXon=TXon+1, BXon+1
=SXyn+2, fOr n=0,1,2

Now using (3.4) we get

M(AXon+1, BXonso, K1) =D (M(SXon, TXone1, K 1), M (BXon+1, TXon+1,), M(AX20,SXon,t)
M(AY2n+1, BYanso, K1) 2@ (M(Yan, Yons1, K1), M (Yane1,Yone1,0), M(Y20Yoml)

M(Yan+1, Yane2, K1) Z(M(Y2n, Yaner, k') [using (b) ]

Again putting X=Xon+1, Y=Xon+2 in (3.4) we get

M(AXon+1, BXonso, K1) =0 (M(SXon+1, TXons2, K1), M (BXons2, PXon+2,t), M(AXon+1,SXon+1,1))
M(y2n+2, Yon+as k t) =0 (M(y2n+1: Yon+2, k t), M (YZn+3,an+z,t)' M(y2n+2ay2n+1:t))

M(Yan+2, Yaneas K1) =(M(Yansa1, Yonea, K B).

Thus, for any n and t we have
M(Yna Yn+1a k t) Z(M(Yn-ly yn, k t)- (35)

Then by lemma 2.2, {yn} is a Cauchy sequence in X, which is complete. Therefore {yn} and its subsequences
converges to ue X, thatis
{AX Zn} - U,{ Bx 2n+1}_) u (36)

{Sxn} = u, {TXzn1} = u. (3.7)

Case | (if S is continuous): We have

SAXy,—SU, SSX,, —»Su asn — o

The semi-compatibility of the pair (A, S) gives
lim ASX,, = Su.

n — oo

Step 1: By putting X = SXon, ¥ = Xan+1 in (3.4), we obtain that

M(ASX2, BXoni1, K t) =@ (M(SSXon, TXons1, K 1), M (BSXon, TXon+1,t), M(ASX24,SSXon,1))
Letting n— oo, using (3.6),(3.7),(3.8),(3.9) we have

M(Su, u, kt) =@ (M(Su, u, k t), M (u,u,t), M(Su,Su,t))

M(Su, u, kt) =@ (M(Su, u, k t), 1,1)

M(Su, u, kt) =1

M(Su, u, t) >1 for all t> 0Which givesM(Su, u, t) =1 that is Su=u.
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Step 2:As By putting X =u, ¥ = X,n41 in (3.4), we obtain that

M(AU, BXzns1, K t) =@ (M(SU, TXon41, K 1), M (BU, TXon+1,t), M(Au,Su,t))
Taking limit as n — oo and using (3.6), (3.7), we get.

M(Au, u, kt) =@ (M(u, u, t), M (u,u,t), M(Au,u,t))

M(Au, u, kt) =@ (1,1M(Au, u, t))

M(Au, u, kt) =1

M(Au, u, t) =1 for all t> 0Which givesM(Au, u, t) =1 that is Au=u.

Step 3: Againas u=Twand A(X) € T(X). By putting x=x,, and y=w in (3.4) we obtain that:

Taking limit as n — oo and using (3.6) and (3.7), we get

M(u, Bw, kt) =® (M(u, u, t), M (Bw,u,t), M(u,u,t))

M(u, Bw, kt) =® (1,M(u, Bw, kt), 1)

M(u, Bw, kt) >1

M(u, Bw, t) =1 for all t> OWhich givesM(u, Bw, t) =1 that is Bw=u.This gives Bw=Tw=u.As (B,T) is weak
compatible, we have TBw=BTw i.e. Su=Tu

Step 4: By putting x =u, y = u in (3.4), and using results from above steps, we obtain that

M(Au, Bu, kt) =® (M(Su, Tu, t), M (Bu,Tu,t), M(Au,Su,t))

M(u, Bu, kt) =® (M(u, Bu, t), M (Bu,Bu,t), M(u,u,t))

M(u, Bu, kt) =@ (M(u, Bu, t),1,1)

M(u, Bu, kt) >1

M(u,Bu, t) =1 forall t>0

Which gives M(u, Bu, t) =1 that is Bu=u.Hence Au=Su=Bu=Ty=u, It follows that u is a common fixed point of
A /B, Sand T.

Case Il (if A is continuous): In this case, we have
ASX,,— AU, asn — ©
The semi-compatibility of the pair (A, S)gives

lim ASXy, = Su.
n — oo

Step 5: By putting X =U, ¥ = Xon41 in (3.4), we obtain that

M(AU, BXgne1, K1) =@ (M(SU, TXone1, K 1), M (BU, TXpn41,t), M(AU,Su,t))

Taking limit as n — oo and using (3.6), (3.7), we get.

M(Au, u, kt) =20 (M(Au, u, t), M (u,u,t), M(Au,Au,t))

M(Au, u, kt) =20 (M(Au, u, t),1)

M(Au, u, kt) =1

M(Au, u, t) =1 for all t> 0. Which givesM(Au, u, t) =1 that is Au=u. Hence u=Au=Su and rest of the proof
follows from step 3 of previous case.

Step 6. Uniqueness: Let z be another common fixed point of A\B, Sand T. ThenZ=Az=Bz=Sz=Tz.
Putting x =uand y = z in (3.4), We get

M(Au, Bz, kt) =® (M(Su, Tz, kt), M (Bu,Tz, t), M(Au,Su,t))

Taking limit as n — oo and using (3.6), (3.7), we get.

M(Au, Bz, kt) >® (M(Su, Tz, t), M (Bz.Tz,t), M(Au,Su,t))

M(u, z, kt) =@ (M(u, z, 1),1,1)

M(Au, u, kt) =1

M(u, z, t) =1 for all t> 0. Which givesM(u, z, t) =1 that is u=z. Therefore u is the unique common fixed point
of the self-mappings A, B, Sand T.

V. References

© 2017, 1Journals All Rights Reserved www.ijournals.in Page 12




IJournals: International Journal of Software & Hardware Research in Engineering

ISSN-2347-4890

Volume 5 Issue 4 April, 2017

[1] Asthana, Nidhi, Bunglowala, Aaquil, “Semi Compatibility And Common Fixed Point Theorem In Fuzzy

Metric Space Using Implicit Relation", published in International Journal of Emerging Technologies in

Computational and Applied Sciences, ISSN No. (online): 2279-0055, Impact Factor: 6.2, Volume 1, Issue 18,
Oct-Dec 2016, pp 67-71.

[2]Chang, S., Fixed Point Theorems for fuzzy mappings, Fuzzy sets and systems, 17(1985),181-187.

[3] Cho,Y.J., Fixed points in fuzzy metric spaces, J. Fuzzy Math. 5 (1997), No.4, 949-962.

[4] Deng, Z., Fuzzy pseudo-metric spaces, J. Math. Anal. Apll. 86 (1982), 74-95.

[5] Erceg, M. a., metric spaces in fuzzy set theory, J. math. Anal. Appl. 69 (1979), 205-230.

[6] George, A., Veeramani, P., On some results in fuzzy metric spaces, Fuzzy Sets and Systems,27 (1988) , 385-
389.

[7] Jungck, G. Compatible mappings and common fixed points (2) ,Internet , J. Math. Sci. (1988) 285-288.

[8] Kaleva, O., Seikkala, S., On fuzzy metric spaces, Fuzzy sets and systems 12(1984), 215-229.

[9] Kramosil 1., Michalek, J., Fuzzy metrics and Statistical metric spaces ,Kybernetika (Prague) 11(5) (1975)
336-344. MR0410633.

[10] Kramosil, O., Michalek, J., Fuzzy metric and statistical metric spaces, Kybernetica 11 (1975), 326- 334.
[11] Schweizer, B., SKklar, A., Statistical metric Spaces Pacific J.Math.,10, (1960),313-334.

[12] Singh, B., Jain, S., Semi compability and fixed point theorems in fuzzy metric space using implicit relation,
Int. J. Math. Math. Sci. 16 (2005), 2617-2629.

[13] Vasuki R., “Common fixed points for R-weakly commuting maps in fuzzy metric spaces ”,Indian J. Pure
Appl. Bull. Math. 30 (2006), 585-540.

[14] Tripathy, B.C., Borgogain, S.,0On a class of n-normed sequences related to the p space, Bol. Soc. Paran.
Mat., 1(1)(2013), 167-173.

[15] Tripathy B.C., and Dutta, A. J., On l-acceleration convergence of'sequences of fuzzy real numbers, Math.
Modell. Anal.; (4)(2012), 549-557.

[16] Tripathy B.C., and Dutta, A. J., Lacunary bounded,Vvatiatieh sequence of fuzzy real numbers, Jour. Intell.
Fuzzy Syst.; 24(1)(2013), 185-189.

[17] Tripathy B.C., and Dutta, A. J., Debnath, 'S, g-open sets and g-continuous mappings in fuzzy
bitopological spaces, Jour. Intell. Fuzzy Syst.; 24(3)(2013), 631-635.

[18] Zedah, L.A. Fuzzy Sets, Information‘and'Control 8 (1965) 338-353.

© 2017, 1Journals All Rights Reserved www.ijournals.in




