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ABSTRACT

Let G=(V,E) be a simple,
undirected, finite nontrivial graph. A non empty
set ScV of vertices in a graph G is called a
dominating set if every vertex in V-S is adjacent
to some vertex in S. The domination number y(G)
of G is the minimum cardinality of a dominating
set of G.A dominating set S is called a non split
set dominating set if there exists a non empty set
Rc S such that <RUT> is connected for every
set TcV-S and the induced subgraph <V-S> is
connected. The minimum cardinality of a nonsplit
set dominating set is called the non split set
domination number of G and is denoted by

vrss (G). In this paper, bounds for y,¢ (G) and
exact values for some particular classes ofygraphs
are found.
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1.INTRODUCTION

Let G=(V,E) be a simple,
undirected, finite nontrivial graph with vertex set
V and edge set E. The maximum, minimum
degree among the vertices of G is denoted by
A(G),5(G) respectively. If deg v=0 then v is
called an isolated vertex of G. If deg v=1 then v is
called a pendant-vertex of G. And K,,C,,P, and
Kini denote the complete graph, the cycle, the
Path and the Star on n vertices respectively.

A non empty set ScV of vertices in a graph G is
called a dominating set if every vertex in V-S is
adjacent to some vertex in S. The domination

number y(G) of G is the minimum cardinality of a
dominating set of G.A dominating set S of a graph
G=(V,E) is a non split set dominating set if there
exists a non empty set Rc S such that <RUT> is
connected for every set TcV-S and the induced
subgraph <V-S> is connected. The non split
domination number y,s (G) of a graph G is the
minimum cardinality of a nonsplit dominating set.
A set Sais said to be a y,s —set if S is a minimum
nonsplitdaminating set.

Definition:1.1

A dominating set S is said to be nonsplit
Set dominating set if there exists a nonempty set
Rc S such that <RUT> is connected for every
set TcV-S and the induced subgraph <V-S> is
connected. The minimum cardinality of a nonsplit
dominating set is called the non split domination
number of G and is denoted by vy, -setif Sis a
minimum non split dominating set.

Example: 1.2
Consider the following graph G:
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Here the Set dominating set S={v1,Ve,v1:}.And
V-S={V1,V5,Va,Va,V5,V7,Vs,Vo} Here for every
TcV-S there exists a nonempty set Rc S such that
<RUT> is connected and also the induced
subgraph <V-S> is connected. ys(G)=3.

2. CHARACTERIZATION OF NON-

SPLIT SET DOMINATING SET:
Observation: 2.1

1. For any connected graph G, y(G)< yuss (G).

2. For any connected spanning subgraph H of G,
Yoss (G)< Vnss (H).

Example: ynss (Ka)=1, ynss (Ca)=2.
Proposition: 2.2

Pendant vertices are members of every
nss-set.

Proof:

Let v be any vertex in G such that deg v=1
and let S be a nss-set.If veV-S then a vertex
adjacent to v must be in S and hence <V-S>"s
disconnected ,which is a contradiction.

Proposition: 2.3

Trss (G)>e where e is the number of
pendant vertices.

Proof:

Since every pendant vertex is a member of each
non split set dominating set.

3. BOUNDS OF NON-SPLIT SET
DOMINATION NUMBER:

Observation: 3.1
For any connected graph G with n>3, yps (G)<n-2.

This bound is sharp for C,, and P,.

Theorem:3.2
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Let G be a complete graph with n vertices say
V1,Va,...,Vq (N>3) then v, (G)=1.

Proof:

The set dominating set of a complete graph
G is {vi} with cardinality 1. Here, V-
S={V,,Vs,...,vo} .Also the induced subgraph <V-
S> is connected. Hence ypss (G)=1.

Theorem: 3.3

Let G be a connected graph with no pendant
vertices with deg v= n-1 where veG if and only if

Ynss (G):l.
Proof:

Let deg v=n-1. Therefore v is adjacent to every
vertex in G. Here S={v}. Also <V-S> is
connected. Therefore v, (G)=1.Conversely, let
Ynss & (6)=1. Therefore veS is adjacent to every
other vertéx of G. Hence deg v=n-1.

Theorem:3.4

Let G be a complete bipartite graph Kp, with
m,n>2 . Then ypss (G)=2.

Proof:

Let Vi={uyU,,...,un} and Vo={vy,v,,...,v,} be
two partitions of G And V,UV,=V and
V1nV,=¢. The set dominating set is {uy,v;}.Also
V-S={Uu,,Us,...,um,V2,Vs,...,vo}. Here the induced
subgraph <V-S> is connected. Hence yss (G)=2.

Theorem: 3.5

Let G be a connected graph with pendant vertices.
Then y,ss (G)=n-1 if and only if G is a star for all
n>2.

Proof:

Let vnss (G) =n-1. Therefore V-S has only one
element . Therefore the induced subgraph <V-S>
is trivial and is connected. Therefore S has n-1
vertices and they should be pendant vertices and
also they are adjacent to a common vertex u.
hence G must be a star. Conversely , let G be a
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star with star center u and let ug,u,,...,u,1 be the
pendant vertices of G. The set dominating set is
{u,uy,U,,...,un2} or {ug,Us,...,U,1} with cardinality
1+n-2 (i.e) n-1. Also V-S={u,} or {u}. Therefore
the induced subgraph <V-S> is trivial and every
trivial graph is connected. Hence <V-S> is
connected. Therefore v, (G)=n-1 for all n>2.

4. RELATION BETWEEN NON-
SPLIT SET DOMINATION NUMBER
AND OTHER PARAMETER:

Observation: 4.1

For any connected graph G with no pendant
vertex, p-A(G)< y(G) +ynss (G)<p+8(G).

¥l
w3 Ty
V2 .
Vi
75 :
Vg Vg vig

w7

Here the Dominating set is {vs,vg}. Therefore
vss(G)=2. The Set dominating set S={
V3,Vs,VgFANd
V-S={V1,V2,V4,V5,V6,V7,Vg,V1o}.Here  for  every
T<V-S there exists a nonempty set Rc S such that
<RUT> is connected and also the induced
subgraph <V-S> is connected. Hence ys(G)=3.
Here p=10, A(G)=6,5(G)=2.

Therefore p-A(G)< y(G) +ynss (G)<p+3(G).

Proposition:4.2

Let G be a complete graph with n vertices
then yngs (G)+A(G)=n.
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Proof:

For any complete graph G, A(G)=n-1 and by
the theorem 3.2 , ypss (G)=1. Hence proved.

Proposition: 4.3

Trss (G)+e=n where e is a pendant vertex if
and only if G is a star.

Proof:

By the theorem 3.5, yns (G)=n-1
then G is a star. Therefore v, (G)+e=n.
Conversely , let v, (G)+te=n. Hence ypss (G)=n-1.
Therefore G must be a star.

Theorem: 4.4

For any tree T, which is not a star then
Ynss (T)=n-2 for all n>4.

Proof:

Let Vi={ug,u,,...,u;} be the set of all pendant
vertices of T and let V,={s1,S,,...,5¢} be the set of
all supports of T and let Vs={vy,V,,...,vs} be the
set of all vertices of degree greater than one which
are not a support. Let
V=V, UV V3={Vy,V,,...,vo} be the vertex set of
T. Then the set dominating set is (V,UV3)\V;. But
the induced subgraph <V\S> is disconnected.
Therefore the non-split set dominating set is V-
{si}-{v;} where 1<i<k and 1<j<s. The cardinality
of the non split set dominating set is n-2.
Therefore V-S has two vertices. Also the induced
subgraph <V-S> is connected. Hence ypss (G)=n-2
for all n>4.

Theorem: 4.5
Let G be a ladder then vy, (G)=n-2.
Proof:

Let Vi={uy,Uy,...,us} and V,={ vy,vy,...,vi} then
each ui is adjacent to u;,;, 1<i<s-1 and each v; is
adjacent to v, 1<j<I-1. Also u; is adjacent to v;
for all i=j and uy,ug,Vv4,v, are pendant vertices. The
set dominating set S is V-{u;,v;} (or) V-{uiui.1}
(or) V-{v;,vj:1} where 2<i<s-1 and 2<j<I-1. Hence
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the induced subgraph is connected with two
vertices. Hence v, (G)=n-2.

Theorem: 4.6

For any connected graph G, ynss (G)=€ where
e is the number of pendant vertices if and only if
G is a star (or) G is a bistar

Proof:

Let v, (G)=€. Therefore all pendant vertices
are members of v, (G). Also there exists Rc S
such that <RUT> is connected  for every set
TcV-S  and the induced subgraph <V-S> is
connected. Hence <V-S> is trivial graph or it is
connected with two vertices. Hence G must be a
star (or) G is a bistar. Conversely , the non-split
set dominating set has all pendant vertices to
satisfy the non-split set dominating set property.
Therefore V-S has a single vertex or two adjacent
vertices. Therefore the induced subgraph <V-S> is
connected. Hence vy, (G)=e.

Theorem: 4.7

Any cycle with p vertices has two pendant
vertices with two supports then v, (G) =p-e£p-S

Proof:

All pendant vertices and all supports are in
non split set dominating set. And yys (G)=p-2 for
any cycle. Hence vy, (G)=p-2=p-e=p-s. Hence
proved.

Theorem:4.8

A non split set dominating set S is minimal
if and only if each ueS satisfies one of the
following four conditions.

(i) N(u) nS=¢
(if) There exists an independent set SocV-S such

that [")(N(s)) NS ={u}

seSq

(i) there exists an independent set SocV-S with
N(u) nS=¢ and SO is not connected in N(v) for
any

veN(u) NS in N(v) for any veN(u) NS
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(iv) N(u) n(V-S)=¢.
Proof:
Let S be a minimal non split set dominating set.
Then either S-{u} is not a set dominating set (or)
S-{u} is a set dominating set but not a non split set
dominating set.

If S-{u} is not a set dominating set, then u satisfies
one of the three conditions (i) to (iii).

If S-{u} is a set dominating set but not a nonsplit
set dominating set , then <V-Su{u}> is not
connected. But <V-S> is connected. Hence
NU)N(V-S)=6.

Conversely, suppose each ueS satisfies one of the
above four conditions. Let if possible S be not
minimal. Then there exists ueS such that S-{u} is
a nonsplit set dominating set. Then this u satisfy
none of, the above four conditions. Which is a
cantradietion. Hence Proved.
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