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Abstract

This paper examined the problem of MHB, flow of a viscous fluid over a vertical porous plate with viscous
dissipation in a porous medium under constant suction velocity. The fluid studied in this problem is an
optically dense viscous incompressible fluid of temperature dependent viscosity. The governing equations
were solved usingan asymptotic technique. Thereafter, effects of various emerging parameters on the flow
fields were discussed and presented graphically.
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1.0 Literature review

Studies abound on the problem of natural convection in nature and industrial processes. Natural
convection occurs as a result of the spatial variations in density, which is caused by the non-uniform
distribution of temperature or/and concentration of a dissolved substance. Numerous applications of the heat
transfer by natural convection can be found in engineering applications and chemical processes. For instance,
in polymer production, food processing, the cooling of an infinite metallic plate in a cooling path, glass
blowing continuous casting and spinning of fibers.

In light of these applications, recently, Omowaye [1] studied a steady one-dimensional free
convective flow of an incompressible electrically conducting viscous fluid on a finite plate and the
temperature of the flow assumed Arrhenius dependence. He employed Nachtsheim-Swigert iteration
technique along with sixth order Runge-Kutta integration scheme to solve the momentum and energy
equations. Ibrahim and Makinde [2] investigated a two-dimensional, steady, viscous, incompressible,
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electrically conducting and laminar free convection boundary layer flow with radiation from a flat plate in a
chemically reactive medium in the presence of a transverse magnetic field. The problem was solved using
shooting techniques with the fourth order Runge-Kutta integration scheme. Muhammed and Shahzard [3]
investigated radiation effects on MHD two dimensional stagnation point flow of a steady viscous
incompressible electrically conducting fluid towards a shrinking sheet in the presence of a transverse
magnetic field. The governing equations together with the associated boundary conditions are first reduced to
non-linear ordinary differential equations and then solved by a method based on finite difference
discretization.

All the aforementioned works on MHD flow of a viscous fluid had been confined to a case of
constant viscosity. However, it is known that this physical property may change significantly with
temperature, time or space variable. Gary et al [4], and Mehta and Sood [5] have established that there is wide
disparity in flow characteristics of variable viscosity and that of constant. Based on this, Hosain andMunir[6]
investigated a two dimensional mixed convection flow of a viscous incompressible fluid of temperature
dependent viscosity past a vertical plate. Fang [7] analysed the influence of fluid property variation on the
boundary layers of a stretching surface. Hossain et al [8] discussed the effect of radiation on free convection
flow of fluid with variable viscosity from a porous plate. Mostafa [9] studied the effects of radiation and
variable viscosity on hydromagnetic boundary layer flow along a continuously moving vertical plate with
uniform suction and heat flux.Okedoye[10] extended Mostafa problem to include effect of chemical reaction
of order one. The present study is an extension of Okedoye et al [10] to include effect of viscous dissipation
term on the problem of variable viscosity on MHD flow past a porous domain in the presence of radiation and
chemical reaction under suction velocity.

1.1 Nomenclature
U : Velocity along x coordinate T : Nod dimensional fluid temperature

C .. Nen dimensional species concentration
A=, Fluid temperature

V . Velocity along y coordinate
g : Acceleration due to gravity

O~ Stefan- Boltzmann constant

U :Non dimensional fluid velocity

T, : Ambient temperature

C . Species concentration
C,, : Ambient species concentration

P, - Ambient density
p . Density of the fluid
K, : Thermal conductivity

C, - Specific heat at constant pressure

g, -Radiative heat flux
V, . Normal velocity at the plate
k™ : Mean absorption coefficient
M : Hartmann number

NU : Nuselt number
@  Angular velocity

Pr : Prandtl number

B : Coefficient of mass expansion
B, : Coefficient of thermal expansion
B, : Transverse magnetic field

o . Electrical conductivity
7 . Skin-friction coefficient

Sc : Schmidt number
D : Molar diffusivity

G,. : Mass grashof number
G,, : Thermal grashof number
0 Delta, 0< 9, <<1

& @ Epsilon, 0< ¢, <<1

Sh : Sherwood number
t:Time
M . Fluid viscosity
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2.0 Mathematical formulation

A magnetohydrodynamic flow of viscous, incompressible, electrically conducting fluid past an
infinite vertical plate in a porous medium under suction velocity is considered. The x- axis is taken along the
plate in the direction of the flow and y- axis normal to it. A uniform magnetic field is applied normal to the
direction of the flow. It is assumed that the magnetic Reynold number is less than unity so that the induced
magnetic field is neglected in comparison to the applied magnetic field. We further assumed that all the fluid
properties are constant except that of the influence of density variation with temperature. Thus, the basic flow
in the medium is entirely due to buoyancy force caused by temperature difference between the wall and the

medium. Initially att <0, the plate as well as fluid is assumed to be at the same temperature and the
concentration of species is very low so that the Soret and Dofour effect are neglected [11]. Whent > 0, the

temperature of the plate is instantaneously raised (or lowered) to T\,'V and the concentration of species is raised

(or lowered) to C\'N. Under the above assumptions and taking the usual Boussinesq’s approximation into
account, the governing equations for momentum, energy and concentration are presented below:

LU,
dy

oBZU’
P

V— =

du’ 1 d{ du’
dy p,dy

,ud—yl+ 9f (T =T, )+ galC\6))-

.dc’_ _d*C .
vl ~Alc'-c,)

dy  p.c, dy* pc,dy  pc,

. o '\ 2
L k dT 1 dg  u (dUJ

dy
The boundary conditions:

a __g
oy k

U —o0, T T,

U =v,

From equation (2.1), we take

Introducing the following non dimensional quantities:
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Below are the non-dimensional governing equations for momentum, energy and concentration of the unsteady
state and their boundary conditions:

2
df dc—yscc 0 (2.6)
dy*  “dy
d’9 P do PE,(dU

+ — —0
dy? 1+Rdy 1+R\ dy

\%

i{idu} dU—MZU——G 0-G,C

dy| s, dy | dy
The relevant boundary conditions in dimensionl
U(y):l I\\ =-1 aty=0

U(y)—0 C(y)—0 0(y)—>0 asy —> o0

The fluid viscosity ,u(@) was assumed to obey the Reynolds model [12]
(2.10)

Where @, is a parameter depending on the nature of the fluid. Using equation (2.10) in equation (2.8), we
obtain

LN N VLY =-G, 6-G,C
dy dy | dy
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3.0  Method of solution

Solving equation (2.6), we have

™ where m = —%[SC +4/SC% + 4750]

To solve equations (2.7) and (2.11), we employ asymptotic technique of the form:

U(y)=U,(y)+ U, (y)+...+h.ot

0(y)=6,(y)+ B,(y)+...+hot

Substituting equations (3.2) into (2.7) and (2.11) and collect order of & , we have the following:

Corresponding to the energy equation we have

2
d’g, PR d90+PrEc(duoj 0

>+
dy 1+R dy 1+R\ dy %

d,

=-1 aty=0 {b(y)%Oas y —> o
dy |, , @

d°¢, __P_d§  2RE dU,du, _

dy?> 1+Rdy 1+R dy d\b
de, \

& =0 ay=0 (91(y)—>0as y —> o
y

y=0

Corresponding to the momentum equation we have

d’u, duy,

dy® i

~M%U,=-G,_6,-G,C
dy

Up(y)=1aty =0 Uy(y)=0 as y—>o0

d ,du, d, du,

— + -MU, =-G_6
dy ° dy dy? dy ' '

rr

U,(y)=0 aty —0 U,(y)=0 as y — o0

In order to solve equations (3.3) - (3.6), we set up asymptotic expansion of the form:
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Let E, = O(Cf) where £ <<1

0,(y) = 6,y(y)+ &0,,(y)+... + .ot (3.73)
6,(y)=6,(y)+&0,,(y)+...+ h.ot (3.7b)
Uo(Y) =Ug(y)+ &, (y)+...+ h.ot (3.7¢)

U,(y)=U,(y)+&U,,(y)+...+h.ot (3.7d)

Substituting equations (3.7) into (3.3)-(3.6) and collect order of &, we have the following:
Corresponding to the energy equation we have

d*0, , P 4G _

dy> 1+R dy

déy,

=-1ay=0
dy y—0

dz‘901+ P d901+ P

2
r dUOO =0
dy> 1+R dy 1+R\ dy

96, =0 aty=0 Gy (y) >0as y— oo
dy )0

dz010_'_ I:)r delo_

dy> 1+R dy

dé,

=0 aty=0
dy Ly

y=0

d2911+ R d911+ 2P dU,, dU,, _

dy> 1+R dy 1+R dy dy

a6,

=0 ay=0
dy y-o

Corresponding to the momentum equation we have
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Uy, AUy,

&y &y M, =-G,.0,,-G,C (3.12)

Uoo(y)zlat y=0 Uoo(y) =0 a y—>o

dU du
Vzm +d—y01 -M 2U01 = _Grr‘901

U,,(y)=0aty =0

46, 4V, | 4y, dU,,

MU, =-G_é,
dy dy dy2 dy 10 rc 10

Uoy)=0 ay=0 U(Y) >0 asy >

Ua(y)=0 aty=0 U, (y) >0 x o0
Solving equations (3.8) —(3.15) and substitute the results intm d (3.2), we have:

1
0(y)= —et+ £la,e” —bye® —b,e Y + Qy— bye®” +bye™™ —b,e>™ |+

a.meqy _ blge(sﬂ)y _ bzoe(r+m+n)y + b21 (2 y 228(2n+r)y _ b23e(s+n)y _ b24e(m+2n)y + bzse(r+2n)y
+ b26e3ny + b27e(s+m)y + bzae(2m+n +mn)y bsoe(2n+m)y

N

U(y)=age” +be” ~be™ +élae” —bue? +be™ +b,e" ~be ™ +be™ ~b el " + b |
age” +be™"Y e "y b e 4

_aﬂeﬂy + bsle(zﬂ)y _ b32e3ry _ b33e(2r+n)y + b34e(2f+m)y _ base(ZnH)y n b36e(n+m+r)y _ b37e(2m+r)y n bsse(iﬁn)y _
bage(2r+n)y _ b40e(r+2n)y n b41e(r+m+n)y _ b4263”y n b43e(2n+m)y _ b44e(2m+n)y _ b45e(z+m)y n b46e(2r+m)y T b47e(r+n+m
b48e(r+2m)y 4 b49e(2n+m)y _ bsoe(n+2m)y + b51e3my _ bsze(ﬁ+n)y + b53e(z+n)y _ b54e(2r+n)y _ bsse(r+2n)y n bsee(r+m+n)y
— b€ + bsge(2n+m)y _ bsge(2m+n)y —by,e® + bele(w)y n beze(r+m+n)y _ bese(2r+n)y _ b64e(2n+r)y " bese(sm)y

n beee(m+2n)y _ b67e(r+2n)y _ b68e3ny _ b69e(s+m)y _ b7oe(2m+n)y + b71e(r+m+n)y n b72€(2n+m)y

(3.17)
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- :—%[SC+1/SCZ+4]/SC] r :—%[1+\/1+4M2] n:—%b+\/1+4M2]

s=—%[l+m] ﬂ=—%h+V1+4M2]
mb,

Cr. b, = O a, =1-b, +b, b
("2+n-M?) * (M +m-mMm?) ° T (menf 4 (man)-m?)
il nb, _ a;'r’P
_ b = _b + _ b = 5 r
((r+n)2+(r+n)—M2) ° (4n2+2n—M2)ag i 405 =by b, 4r2(1+R)+2rP,
_ 2a,rhnP. o 2a,rmb, P, - b,’n?P,
! [(r+n)2(1+ R)+(r+n)PrJ e [(r+m)2(1+R)+(r+m)PrJ ° [4n2(1+R)+2nPrJ
b — 2mnb,b, P, _ m’b,’R, R . _ G,b
10 [(n+m)2(1+R)+(n+m)PrJ * 7 lam? @+ R)+2mP, | PO -M2) P (artv2r-m?)

_1
n

alz = i (2rb6 + (I’ + n)b7 _(r + m)bg + 2nb9 — (n + m)blo + 2mb11) a13 = blZ _b13 _b14 +b15 _b16 +b17 _b18

G,.b, - alb, _ Gb,
(r+n)y +(r+n)-m?) E (r+m B ¥m)-m?) * (an? +2n-M?)
G..by 0. A LG.by b - 2P.a,a,rs
(+mpP+(+m)-m2) A B T2m-m?) " ((s+r)@+R)+(s+r)P,)
2P.a,r(m+n), 2P.a,r(r+nk,
(r+m+nP@+R)+(r+m+n)p,) (er+ny@+R)+(2r+n)p )
4P.a rnb, b - 2P.a sb,n
(en+r)P@+R)+@n+r)P ) (s+nf@+R)+(s+n)P)
2P.b,nb,(m +n) 2P.b,nb, (r +n)
(m+2nf@+R)+(m+2n)P,) * ((r+2nf@+R)+(r+2n)P,)
4P b,b,n’ 2P.a,sb,m 2P.b,mb,(m +n)
(9n?(1+R)+3nP, ) (s+my@+R)+(s+m)p,) (em+n)P@+R)+(@m+n)P,)
2P.b,mb,(r +n) B 4P b,mb,n
(r+m+nP@+R)+(r+m+n)p,) (@n+m)P@+R)+(2n+m)P,)
a,, ya.r bea, 2r? ~ b, (r +n)agr
(z+r)+(z+1r)-m?) #Or2+3r-M?) ™ (2r+n) +(2r+n)-m?)
by (r + m)agr
“(2r+m) +(2r+m)-m?)

bl 4

b21 =

bzs =

b27 =

bzs =

31

by 2a,rn
(@n+r)+(@n+r)-Mm?)

b35 =
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b,,2a,rm
M?) (em+r) +(2m+r)-M?)
a,bny bgb,n2r
(z+n)y +(z+n)- ) (2r+n (2r +n)— MZ)
b,b,n(r +n) bgb,n(r +m) byb, 2n?
40 b,, =
(r+2n) +(r+2n)-m?) (r+m+n) +(r+m+n)-m?) (9n? +3n-Mm?)
b,o,n(n+m) b,,b,n2m
(en+m) +(2n+m)- ) (2m+n (2m+n)-M?)
_ a,,b,my b, bgb,m2r
g +my +(x+m)-m2) “er+my +(2r+m)-m?)
b,b,m(r +n) byb,m(r +m)
renemP +(renem)=M2) T ((r+2m) +(r +2m)-M
byb,m2n b - b,sb,m(n +m)
(@n+m) +(2n+m)-Mm?) * ((n+2m) + (n+2m)-
bllb2 2m2 _ a‘l3ﬂ
“fome+am-m7) T eny 4 (5 )
b,2r
(2r+ny +(2r+n)-m?)
by (r +m) B b,,(n+m)
(r+m+n)+(r+m+n)-m? *(@n+m) +(2n+m)-m?)
b,g2m
(em+n)? +(2m+n)-Mm?
G, by, L
(r+m+ny (r+m+n) M2) " ((2r+n) +(2r+n)-m?)
GrrbZZ GI’Tb23
bes =
+(2n+r)—M2) (s+n) +(s+n)-m?)
G,.b,, G, b, L Gub,
((m+2n)? (m+2n (r+2n r+2n) M?) ® (on?+3n-Mm?)
— Grrb27 b Gr‘rbZB
(s+m) +(s+m)-m?) o ((2m+n) +(2m+n)-M?)
G, by b — G, by
(r+m+n)+(r+m+n)-m?) " (@n+m) +(2n+m)-m?)

by,as r(n +m)

by, =

(h+m+r)+(+m+r)

b41 =

1| (8+ by + (r+m+n)b,, —(2r +n)b,, — (2n+1)b,, + (S +N)by, + (M +2n)b,, —
* g (r +2n)b,s —3nb,, — (s +mM)b,, — (2M+ n)b,, + (r + M+ n)b,, + (2n +m)b,,
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&7 = _bSl + b32 + b33 N b34 + b35 - bse + b37 - bsa + b39 + b40 - b41 + b42 - b43 + b44 + b45 - b46 - b47 + b48
- b49 + b50 - b51 + b52 - b53 + b54 + b55 - bse + b57 - bsa + b59 + beo - b61 - bez + bes + b64 - bes - bee + b67
+ bea + beg + b70 - b71 - b72

Arnays
172+77—(n+M2))
Q0 = —8gy T 33—y + Qg5 — Ay T g7 — Qg T Q39 + 3y — 3y, T3y, T3

The physical quantity of most interest in such problem is the skin-friction coefficient which is defined by

&)
[y
V),

From equation (3.17) we calculate 7 as follows:

T =a;r +bn-b,m +2;[a13ﬂ—b12;(+b132r + b14(r + n)_bls(r + m)+ bys2n _b17(n + m)+b182m]
a,s +b,(m+n)—b,(r +n)—b,2n+

a43:(

[a,m + by, (7 +r)—b,3r —b,,(2r + n)+ b, (2r + M= B (20 + 1)+ by (n+m+r)—b(2m+r)+ by (x + nlf-
bye(2r +n)—by,,(r +2n)+b,,(r +m+n)—b,,30+b,,(2n + m)—b,,(2m + n)—b,,(x + m)+b,,(2r + m)

|+ Dg5(S + )+ (M + 2n) — by, (1 £.2M)— Bey3n — by (s + M) — by (2m +n) + by, (r + m+n)+b,(2n +m)

4.0 Discussion of Results

Some numerical calculations were carried out for the non-dimensional velocityU , temperature €,
concentration Cand skin friction 7 based on various values of the varying parameters
M,G,,,G,..7,R,&,0,n,and twith fixed values for Pr,and SC. These parameters were assigned the

following valuesM =1.0,G,, =5.0,G,, =1.0, =0.L,R=05¢=0.,6=0.1,n=0.5

andt =1.0except where stated otherwise while the values of Pr,and SC were taken to be 0.71 and 0.6

respectively for plasma. Also, ¥ <0, =0 and y > Oindicate generative, no reaction and destructive

chemical reaction respectively. Equation (2.13) shows that increase in « viscosity parameter leads to
decrease in viscosity.

Figures 4.1 - 4.2 depict the velocity distribution, highlighting the effect of delta and xi. It could be
seen that increase in delta or xi increases velocity. In figure 4.3, we observe that generative chemical reaction
leads to increase in fluid velocity while increase in destructive chemical reaction lowers the velocity. Figures

4.4 - 4.7 display the effects of R,G,,,G,,and M on the of velocity distribution. It is observed that an

rc?
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increase in radiation parameter R , mass Grashof number G, thermal Grashof number or G, _ increases the

velocity whereas an increase in magnetic number M leads to a decrease in velocity distribution. Figure 4.8
shows the temperature € profile for various values of radiation parameter. It could be seen that increase

radiation parameter R reduces temperature of the fluid. Also it is noticed that a decrease in the fluid
temperature with maximum value at the plate and minimum at a distance away from the plate. The effect of
reaction parameter » on the concentration of chemical species is shown in figure 4.9. We noticed that

increase in reaction parameter reduces the concentration of the chemical specie.

delta =-0.1
delta=0.0
delta=0.1
delta=0.2

v\\
20 o] 2 4 6 8

Fig 4.1: velocity U (y) distribution for various values of @g 4.2: velocity U (y) distribution for various values of 5

u=-0.12
u=0.0
u=0.1
u=0.2

——F———T——L

o

velocity U (y) distribution for various values of }/ Fig 4.4: velocity U (y) distribution for various values of R
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Fig 4.5: velocity U (y) distribution for various values of G I't Fig 4.6: velocity U (y) distribution for various values of GI'C

Temperature

N

10 12 14 16 18
y

Fig 4.8: temperature H(y) distribution for various values of R

Fig 4.9: concentration C (y) distribution for various values of

Concentration
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